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The justi,cation of the following problem for Laguerre polynomials originated in complex analysis
(the so-called Krzyz˙ conjecture).
For given t ¿ 0 let us denote
F(t; z) = exp
(
−t 1 + z
1− z
)
= e−t +
∞∑
n=1
An(t)zn; |z|¡ 1: (1)
It is evident that
An(t) = etL(−1)n (2t); n= 1; 2; : : : ; A0(t) = e
−t ; (2)
where L()n denote the Laguerre polynomial of degree n and order .
The problem is the following: For a given integer n= 1; 2; : : : ,nd
sup
061626···6n62
xk¿0; k=1;2;:::; n
n(1; 2; : : : ; n; x1; x2; : : : ; xn) := Kn; (3)
where n(1; 2; : : : ; n; x1; x2; : : : ; xn) is de,ned as the sum∑
k1 ;:::; kn¿0
k1+···+kn=n
cos(k11 + k22 + · · ·+ knn)Ak1(x1)Ak2(x2) : : : Akn(xn) (4)
the two sets of variables: j and xj; j = 1; : : : ; n being independent of each other.
The conjecture is: Kn=2=e for every n=1; 2; : : : ; but any result of the form: Kn¡C¡ 0:99 will be
of value. It is known that the above conjecture is true for n=1; 2; 3; 4 and in general Kn¡ 0:9918 : : : :
However, even to prove that |An(t)|6 2=e for every n is not an easy matter (see, e.g., [4]).
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The above problem has the following background. Let B0 denote the class of holomorphic
functions
f(z) = e−t + a1z + · · · ; t ¿ 0; |z|¡ 1 (5)
which are bounded and nonvanishing in the unit disk |z|¡ 1, i.e., 0¡ |f(z)|¡ 1 for |z|¡ 1.
Krzyz˙ [3] proposed the following problem, known nowadays as the Krzyz˙ conjecture:
sup
f∈B0
|an|= 2e = 0:73575 : : : ; n= 1; 2; : : : : (6)
Equality in (6) is attained for corresponding n by the function:
Fn(z) = F(1; zn) = exp
(
−1 + z
n
1− zn
)
; n= 1; 2; : : : ; |z|¡ 1: (7)
The above posed problem (3) is the equivalent statement of the Krzyz˙ conjecture in terms of
Laguerre polynomials. Hummel et al. [2] proved that the extremal function f0 in (6) (see also [1])
for the Re an (we may always assume that an¿ 0 for the extremal function) has the following
form:
f0(z) = exp
(
−t
n∑
k=1
k
1 + ze−ik
1− ze−ik
)
:= e−t + a(0)1 z + · · ·+ a(0)n zn + · · · ; (8)
where 06 16 26 · · ·6 n6 2;
∑n
k=1 k =1; k¿ 0; k=1; 2; : : : ; n. This fact follows from the
representation of f∈B0:
f∈B0 ⇔ f(z) = exp (−tp(z)); |z|¡ 1; (9)
where p(z) = 1 + p1z + · · · ; |z|¡ 1 is a function with positive real part in the unit disk |z|¡ 1:
For the claimed extremal function (7) we have
k =
2k
n
; k =
1
n
; k = 1; 2; : : : ; n and t = 1:
Of course, by (8) and (1), we have
Re a(0)n =n(1; : : : ; n; x1; : : : ; xn):
Remark. In connection with the form of the function n, given by formula (4), we note the identity,
which follows directly from the generating function for the Laguerre polynomials:∑
k1 ; k2 ;:::; kn¿0
k1+k2+···+kn=n
Ak1(x1)Ak2(x2) : : : Akn(xn) = An(x1 + x2 + · · ·+ xn): (10)
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